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FINITE POWERS AND PRODUCTS OF MENGER SETS
PIOTR SZEWCZAK, BOAZ TSABAN, AND LYUBOMYR ZDOMSKYY
Abstract. We construct, using mild combinatorial hypotheses, a real Menger set that is
not Scheepers, and two real sets that are Menger in all finite powers, with a non-Menger
product. By a forcing-theoretic argument, we show that the same holds in the Blass–Shelah
model for arbitrary values of the ultrafilter and dominating number.
1. Introduction
By space we mean a topological space. A space is Menger if, for each sequence U1,U2, . . .
of open covers of that space, there are finite sets F1 ⊆ U1,F2 ⊆ U2, . . . such that the family⋃
nFn covers the space. If, in this definition, we request that each finite subset of the space
is contained in a set
⋃
Fn, then the space is Scheepers. We have the following implications
between considered properties of spaces.
All finite powers are Menger −→ Scheepers −→ Menger
A set of reals is a space homeomorphic to a subspace of the real line, with the standard
topology. We restrict our consideration to the realm of sets of reals. The three properties are
consistently equivalent [30]. In other words, for these properties to differ, special set theoretic
hypotheses are necessary. The natural hypotheses to this end concern cardinal characteristics
of the continuum [7]; the necessary definitions are provided in the next sections. Assuming
cov(M) = cof(M), there is a Menger set of reals that is not Scheepers ([22, Theorem 32], [11,
Theorem 2.8]). The methods used for that are category theoretic, and do not lend themselves
for generalizations. We obtain the same result by a purely combinatorial approach, using the
far milder hypothesis d ≤ r (Theorem 2.1).
Assuming cov(M) = c or b = d, there are sets of reals with all finite powers Menger,
whose product is not Menger ([26, Theorem 3.3], [18, Proposition 3.4]). The assumptions
cov(M) = c and b = d each imply d ≤ r. The inequality d ≤ r has recently played a central
role in the construction of two Menger sets of reals whose product is not Menger [23]. We
refine these methods to establish the mentioned stronger result from the same hypothesis
d ≤ r, assuming that the cardinal number d is regular (Theorem 2.5). This additional
assumption follows from the earlier hypothesis b = d.
These results, that are optimal for the used methods, suggest the question of the necessity
of the hypothesis d ≤ r [23]. Arguing directly in the Blass–Shelah model [2], we answer this
question in the negative.
Finally, we apply our results to products of function spaces with the topology of pointwise
convergence.
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2. The main results
2.1. Separation of the Menger and Scheepers properties. Let N be the set of natural
numbers, and [N]∞ be the set of infinite subsets of N. We identify each set a ∈ [N]∞ with
its increasing enumeration, an element of the Baire space NN. For each natural number n,
by a(n) denote the n-th smallest element of the set a. We have [N]∞ ⊆ NN, and thus every
set from [N]∞ is viewed as a function. Let x, y ∈ [N]∞. The function x is dominated by
the function y, denoted x ≤∗ y, if the set {n : y(n) < x(n) } is finite. A subset of [N]∞
is dominating if each function in [N]∞ is dominated by some function from this set. Let d
be the minimal cardinality of a dominating subset of [N]∞. A set r ∈ [N]∞ reaps a family
A ⊆ [N]∞ if, for each set a ∈ A, both sets a ∩ r and a \ r are infinite. Let r be the minimal
cardinality of a family A ⊆ [N]∞ that no set r reaps. A property P of spaces is productive if
the product space of two spaces with the property P, has the property P.
Theorem 2.1. Assume that d ≤ r.
(1) There is a Menger set of reals that is not Scheepers.
(2) The Menger property is not productive.
In order to prove Theorem 2.1 and later discussion, we introduce several notions and
auxiliary results. Fix functions x, y ∈ [N]∞ and a set Z ⊆ [N]∞. We write x <∞ y if y ∗ x
and Z <∞ x if z <∞ x for all functions z ∈ Z. We use the latter convention to any binary
relation. Let max{x, y} := {max{x(n), y(n)} : n ∈ N }, an element of [N]∞. If x(1) 6= 1, then
define an element x˜ ∈ [N]∞ such that x˜(1) := x(1) and x˜(n + 1) := x(x˜(n)), for all natural
numbers n. For x ∈ P(N), define xc := N \ x, and let [N]∞,∞ := { a ∈ [N]∞ : ac ∈ [N]∞ }.
For natural numbers n,m, with n < m, define [n,m) := { i ∈ N : n ≤ i < m }. For elements
a, h ∈ [N]∞, let
a/h := {n ∈ N : a ∩ [h(n), h(n + 1)) 6= ∅ }.
Lemma 2.2. Let Z be a subset of [N]∞ with |Z| < min{d, r}, and d ∈ [N]∞. There are
elements x, y ∈ [N]∞,∞ such that Z <∞ x, y, and d ≤∗ max{xc, yc}.
Proof. For natural numbers n,m with n < m, let (n,m) := { i ∈ N : n < i < m }. Since
|Z| < d, there is a function b ∈ [N]∞ such that the sets
Iz :=
{
n : | z˜/d˜ ∩ (b(n), b(n + 1)) | ≥ 2
}
are infinite for all elements z ∈ Z [7, Theorem 2.10]. Since |Z| < r, there is a set r ∈ [N]∞,∞
that reaps the family { Iz : z ∈ Z }. Let
x :=
⋃
n∈r
[d˜(b(n)), d˜(b(n + 1) + 1)) and y :=
⋃
n∈rc
[d˜(b(n)), d˜(b(n+ 1) + 1)).
Fix an element z ∈ Z and a natural number n ∈ rc∩ Iz. Since | z˜/d˜∩ (b(n), b(n+1)) | ≥ 2,
there is a natural number i such that z˜(i), z˜(i + 1) ∈ [d˜(b(n) + 1), d˜(b(n + 1))). Since
x ∩ [d˜(b(n) + 1), d˜(b(n + 1))) = ∅, we have
z(z˜(i)) = z˜(i+ 1) < d˜(b(n + 1)) ≤ x(z˜(i)).
As the set rc ∩ Iz is infinite, we have z <∞ x. Similarly, z <∞ y.
Fix a natural number k ≥ d˜(b(1)). There is a natural number n such that k ∈ [d˜(b(n)), d˜(b(n+
1))). Assume that n ∈ r. Since xc ∩ [d˜(b(n)), d˜(b(n + 1)) + 1) = ∅, we have
d(k) < d(d˜(b(n + 1))) = d˜(b(n+ 1) + 1) ≤ xc(k).
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Analogously, if n ∈ rc, then d(k) < yc(k). Thus, d ≤∗ max{xc, yc}. 
We identify the Cantor cube {0, 1}N with the family P(N) of all subsets of N, via charac-
teristic functions. Since the Cantor cube is homeomorphic to Cantor’s set, every subspace
of P(N) is a set of reals. The topologies in the set [N]∞, induced from the Cantor space
P(N), and the Baire space NN, are equivalent. Let Fin be the set of finite subsets of N. Then
P(N) = Fin ∪ [N]∞.
For a finite subset F of [N]∞, define max[F ] := {max{ x(n) : x ∈ F } : n ∈ N }, an element
of [N]∞. A subset X of [N]∞ is finitely dominating if the set
maxfin[X ] := {max[F ] : F is a finite subset of X }
is dominating in [N]∞.
Let κ be an uncountable cardinal number. A subset A of [N]∞ is κ-unbounded [23, Defi-
nition 2.1] if |A| ≥ κ and, for each function x ∈ [N]∞, we have |{ a ∈ A : a ≤∗ x }| < κ. Let
τ : P(N)→ P(N) be a homeomorphism defined by τ(x) := xc.
Proof of Theorem 2.1. (1) Let { dα : α < d } be a dominating set in [N]∞. Fix an ordinal
number α < d. Let xα, yα ∈ [N]∞,∞ be elements obtained from Lemma 2.2, applied to
the set { dβ : β < α } and to the function dα. Since the set X := { xα, yα : α < d } is
d-unbounded, the set X∪Fin is Menger [23, Corollary 2.4]. The continuous image τ [X∪Fin]
of the set X ∪ Fin is a subset of [N]∞. Since maxfin[τ [X ∪ Fin]] contains a dominating set
{max{xαc, yαc} : α < d }, the image τ [X ∪ Fin] is finitely dominating in [N]∞. A set of
reals is Scheepers if no continuous image of this set into [N]∞ is finitely dominating [25,
Theorem 2.1]. Thus, the set X ∪ Fin is not Scheepers.
(2) Since the continuous image of the product space (X ∪ Fin)2 under the map (x, y) 7→
max{xc, yc} is dominating in [N]∞, the product space (X ∪ Fin)2 is not Menger. 
Remark 2.3. Let cov(M) be the minimal cardinality of a family of meager subsets of [N]∞
that covers [N]∞ and cof(M) be the minimal cardinality of a cofinal family of meager sets
in [N]∞, i.e., every meager subset of [N]∞ is contained in a member of the family. Assuming
cov(M) = cof(M), there is a Menger set of reals that is not Scheepers [22, Theorem 32].
Since cov(M) ≤ d ≤ cof(M) and cov(M) ≤ r, the equality cov(M) = cof(M) implies that
d ≤ r. Thus, Theorem 2.1(1) is a substantial extension of the mentioned result.
Remark 2.4. It is always the case that, if there is a Menger set of reals that is not Scheepers,
then the Menger property is not productive: Let X be such a set. Some finite power of X is
not Menger [11, Theorem 3.9] and let n be the minimal natural number with this property.
The product space of Menger sets X and Xn−1 is not Menger.
2.2. Products of Menger sets with strong properties. A property of spaces P is addi-
tive if the union of any two spaces with the property P, has the property P.
Theorem 2.5. Assume that d ≤ r and the cardinal number d is regular.
(1) There are two sets of reals whose all finite powers are Menger, but whose union is not
Scheepers.
(2) The Scheepers property is not additive.
(3) There are two sets of reals whose all finite powers are Menger, but whose product
space is not Menger.
(4) The Scheepers property is not productive.
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For elements x, y ∈ [N]∞, let [x ≤ y] := {n : x(n) ≤ y(n) } and [x < y] := {n : x(n) <
y(n) }. Let A be a subset of [N]∞, and x, y ∈ [N]∞. We write x ≤A y if [x ≤ y] ∈ A, and
x <A y if [x < y] ∈ A. A subset X of [N]∞ is ≤A-bounded if there is a function b ∈ [N]∞
such that X ≤A b. A subset of [N]∞ is ≤A-unbounded if it is not ≤A-bounded.
A filter is a subset of [N]∞ with empty intersection, that is closed under finite intersections
and taking supersets. An ultrafilter is a maximal filter. Let U be an ultrafilter, and b(U) be
the minimal cardinality of a ≤U -unbounded set in [N]∞. A set X ⊆ [N]∞ is a U-scale [23,
Definition 4.1] if |X| ≥ b(U) and, for each function b ∈ [N]∞, we have |{ x ∈ X : x ≤U b }| <
b(U). A space X is U-Menger if, for each sequence U1,U2, . . . of open covers of the space X ,
there are finite sets F1 ⊆ U1,F2 ⊆ U2, . . . such that, for each point x ∈ X , we have {n : x ∈⋃
Fn } ∈ U . Every U -Menger set is Scheepers [13, Theorem 7.4(2)], [23, Proposition 4.4].
An ultrafilter U is coherent to an ultrafilter U˜ if there is a function h ∈ [N]∞ such that for
each set u ∈ U , we have
clh(u) :=
⋃{
[h(n), h(n + 1)) : u ∩ [h(n), h(n + 1)) 6= ∅
}
∈ U˜ .
The coherence relation is an equivalence relation. A subset of [N]∞ is centered if the finite
intersections of its elements, are infinite.
In order to prove Theorem 2.5, we need the following Lemmata. Let cf(d) be the cofinality
of the cardinal number d.
Lemma 2.6. Assume that d ≤ r. There are noncoherent ultrafilters U and U˜ such that
b(U) = b(U˜) = cf(d).
Proof. Let 〈Dα : α < cf(d) 〉 be a strictly increasing sequence of subsets of [N]∞ of cardinality
less than d such that the set
⋃
α<cf(d)Dα is dominating in [N]
∞. Proceed by transfinite
induction on ordinal numbers α < d. Define increasing sequences 〈Fα : α < d 〉, 〈 F˜α : α < d 〉
of subsets of [N]∞, and a set { xα : α < cf(d) } ⊆ [N]∞,∞ such that, for each ordinal number
α < d:
• the sets Fα, F˜α with |Fα |, | F˜α | < d are closed under finite intersections,
• Dα ∪ { xβ : β < α } ≤Fα xα and Dα ∪ { xβ
c : β < α } ≤F˜α xα
c.
For functions s, f ∈ [N]∞, let s ◦ f be a function in [N]∞ such that (s ◦ f)(n) := s(f(n)),
for all natural numbers n. Fix an ordinal number α < d. Let
Yα :={ s ◦ f : s ∈ maxfin[Dα ∪ { xβ : β < α }], f ∈
⋃
β<α
Fβ },
Y˜α :={ s ◦ f : s ∈ maxfin[Dα ∪ { xβ
c : β < α }], f ∈
⋃
β<α
F˜β }.
Since | Yα ∪ Y˜α | < d ≤ r, there is an element xα ∈ [N]∞,∞ such that Yα ∪ Y˜α <∞ xα and
Yα ∪ Y˜α <∞ xαc [23, Lemma 3.4].
Fix elements s ∈ maxfin[Dα∪{ xβ : β < α }] and f ∈
⋃
β<α Fβ. Since the set [(s ◦ f) ≤ xα]
is infinite, the intersection f ∩ [s ≤ xα] is infinite, too. Thus, the set⋃
β<α
Fβ ∪ { [s ≤ xα] : s ∈ maxfin[Dα ∪ { xβ : β < α }] }
is centered. Let Fα be the latter set closed under finite intersections. Then |Fα| < d.
Similarly, define a set F˜α.
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The sets F :=
⋃
α<cf(d) Fα and F˜ :=
⋃
α<cf(d) F˜α are closed under finite intersections. Let
U and U˜ be ultrafilters containing the sets F and F˜ , respectively. We have b(U) = cf(d):
Let Y be a subset of [N]∞ with |Y | < cf(d). There is an ordinal number α < cf(d) such that,
for each function y ∈ Y , there is a function dy ∈ Dα with y ≤
∗ dy. Since Dα ≤U xα, we have
Y ≤U xα.
The set { xα : α < cf(d) } is a U -scale: Let b ∈ [N]∞. There is an ordinal number α < cf(d)
such that the function b is dominated by some function from the set Dα. For each ordinal
number β with α ≤ β < cf(d), we have Dα ≤U xβ , and thus b ≤U xβ .
Analogously, we have b(U˜) = cf(d) and the set { xαc : α < cf(d) } is a U˜ -scale.
Let X := { xα : α < d }. Then the set x ∪ Fin is U -Menger [23, Theorem 5.3(2)].
The continuous image τ [X ∪ Fin] of the set X ∪ Fin in [N]∞ contains a ≤U˜ -unbounded
set { xαc : α < d }, and thus the set X ∪ Fin is not U˜ -Menger [23, Proposition 4.4]. We
conclude that the ultrafilter U is noncoherent to the ultrafilter U˜ [29, Theorem 2.32]. 
Lemma 2.7. Let U and U˜ be noncoherent ultrafilters, and d ∈ [N]∞. There are sets I, J ∈
[N]∞ such that⋃
n∈I
[d(n), d(n+ 1)) ∈ U,
⋃
n∈J
[d(n), d(n+ 1)) ∈ U˜ , and |i− j| > 3, for all i ∈ I, j ∈ J.
Proof. Let bk := { 7n + k : n ∈ N }, where k ∈ {0, . . . , 6}. Let k0 be such that x :=⋃
i∈bk0
[d(i), d(i + 1)) ∈ U . Define d′ := { d(n) : |d(n) − d(i)| > 3 for all i ∈ bk0 }. Since
the ultrafilters U and U˜ are non-coherent, there are sets y ∈ U and y˜ ∈ U˜ such that
cld′(y)∩ cld′(y˜) = ∅. We may assume that y ⊆ x. The sets I := {n : [d(n), d(n+1))∩ y 6= ∅ }
and J := {n : [d(n), d(n+ 1)) ∩ y˜ 6= ∅ } are as required. 
Lemma 2.8. Let U and U˜ be noncoherent ultrafilters, and d ∈ [N]∞. There are elements
x, y ∈ [N]∞,∞ such that d <U x, d <U˜ y, and d ≤
∗ max{xc, yc}.
Proof. By Lemma 2.7, there are sets I, J ∈ [N]∞ such that⋃
n∈I
[d˜(n), d˜(n + 1)) ∈ U,
⋃
n∈J
[d˜(n), d˜(n + 1)) ∈ U˜ , and |i− j| > 3
for all natural numbers i ∈ I, and j ∈ J . Let x, y ∈ [N]∞ be elements such that
xc :=
⋃
n∈I
[d˜(n), d˜(n+ 2)), and yc :=
⋃
n∈J
[d˜(n), d˜(n+ 2)).
Fix a natural number n ∈ I and a natural number k ∈ [d˜(n), d˜(n+1)). Since x∩[d˜(n), d˜(n+
2)) = ∅, we have d(k) < d(d˜(n + 1)) = d˜(n + 2) ≤ x(k). Thus, d <U x. Similarly, we have
d <U˜ y.
Fix a natural number n and a natural number k ∈ [d˜(n), d˜(n+ 1)). One of the sets xc, or
yc has empty intersection with the interval [d˜(n), d˜(n+2)). If xc ∩ [d˜(n), d˜(n+2)) = ∅, then
d(k) < d(d˜(n + 1)) < d˜(n + 2) ≤ xc(k). If the set yc has this property, then d(k) ≤ yc(k).
Thus, d ≤∗ max{xc, yc} 
Let P be a property of spaces. A space X is productively P if, for each space Y with the
property P, the product space X × Y , has the property P.
Remark 2.9. Assuming that the cardinal number d is regular, Lemmata 2.6 and 2.8 imply
Lemma 2.2.
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Lemma 2.10. Assume that d ≤ r. Let U be an ultrafilter with b(U) = d. For any ultrafilter
U˜ noncoherent to the ultrafilter U with b(U˜) = d, there are a U-scale X ⊆ [N]∞, and a
U˜-scale Y ⊆ [N]∞ such that
(1) the union (X ∪ Fin) ∪ (Y ∪ Fin) is not Scheepers,
(2) the product space (X ∪ Fin)× (Y ∪ Fin) is not Menger.
Proof. (1) Let { dα : α < d } be a dominating set in [N]∞, simultaneously a U -scale, and
a U˜ -scale. For each ordinal number α < d, let xα, yα ∈ [N]∞ be elements obtained from
Lemma 2.8, applied to the function dα. The sets X := { xα : α < d }, and Y := { yα : α < d }
are a U -scale, and a U˜ -scale in [N]∞, respectively. Thus the sets X ∪ Fin, and Y ∪ Fin
are productively U -Menger, and productively U˜ -Menger, respectively [23, Theorem 5.3(2)].
Let Z := X ∪ Y ∪ Fin. The set maxfin[τ [Z]], a subset of [N]∞, contains a dominating set
{max{xαc, yαc} : α < d }. The continuous image τ [Z] of the set Z is finitely dominating in
[N]∞, and thus the set Z is not Scheepers [25, Theorem 2.1].
(2) The continuous image of the product space (X ∪ Fin) × (Y ∪ Fin), under the map
(x, y) 7→ max{xc, yc}, is dominating in [N]∞. Thus, this product space is not Menger. 
Proof of Theorem 2.5. (1) Since the cardinal number d is regular, there is an ultrafilter U
with b(U) = d [8]. By Lemma 2.6 and the fact that the coherence relation is an equivalence
relation, there is an ultrafilter U˜ noncoherent to the ultrafilter U with b(U˜) = d. Let X
and Y be a U -scale, and a U˜ -scale, respectively, obtained from Lemma 2.10. The sets X ∪
Fin, and Y ∪ Fin, are productively U -Menger, and productively U˜ -Menger, respectively [23,
Theorem 5.3(2)], and thus all finite powers of these sets are Menger. Apply Lemma 2.10(1).
(2) If all finite powers of a space are Menger, then the space is Scheepers. Apply (1).
(3) Apply sets from (1) and Lemma 2.10(2).
(4) If all finite powers of a space are Menger, then the space is Scheepers. Apply (3). 
It is consistent with ZFC, that for any ultrafilter U , the U -Menger and Scheepers properties
are equivalent [28, Theorem 3.7]. In contrast to this result, we have the following corollary
from Theorem 2.5.
Corollary 2.11. Assume that d ≤ r. For each ultrafilter U , there is a Scheepers set of reals
that is not U-Menger.
Proof. Assume that b(U) < d. Since every set of reals of cardinality less than d is Scheepers [25,
Theorem 2.1], each ≤U -unbounded subset of [N]∞ of cardinality b(U), is Scheepers, but not
U -Menger. Assume that b(U) = d. By Lemma 2.10(2), there are an ultrafilter U˜ , and two
sets of reals that are productively U -Menger, and productively U˜ -Menger, respectively [23,
Theorem 5.3(2)], whose product space is not Menger. One of these sets is U˜ -Menger, and
thus Scheepers [23, Proposition 4.4], [25, Theorem 2.1], but it is not U -Menger. 
2.3. Additivity and productivity of the Menger property. Let add(Menger) be the
minimal cardinality of a family of Menger sets of reals, whose union is not Menger. For every
subset X of [N]∞, containing a cf(d)-unbounded, or a d-unbounded set, there is a Menger
set of reals Y such the product space X × Y is not Menger [23, Theorem 2.7]. We prove the
same statement, assuming that the set X contains an add(Menger)-unbounded set.
Theorem 2.12. Let X be a subset of [N]∞ containing an add(Menger)-unbounded set. There
is a Menger set of reals Y such that the product space X × Y is not Menger.
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Recall the result from an earlier work [23], a main tool in the proof of Theorem 2.12. For
elements x, y ∈ [N]∞, we write x ≤ y if [x ≤ y] = N.
Lemma 2.13 ([23, Lemma 2.6]). For sets a, b ∈ P(N), let
a ⊎ b := (2a) ∪ (2b+ 1) = { 2k : k ∈ a } ∪ { 2k + 1 : k ∈ b }.
Then:
(1) For each set a ∈ [N]∞ and each natural number n, we have (a ⊎ a)(2n) = 2a(n) + 1.
(2) For all sets a, b, c, d ∈ [N]∞ with a ≤ b and c ≤ d, we have a ⊎ c ≤ b ⊎ d. 
For sets x, y, let x⊕ y := (x ∪ y) \ (x ∩ y). The space P(N), with the group operation ⊕,
is a topological group. For sets X, Y ⊆ P(N), let X ⊕ Y := { x ⊕ y : x ∈ X, y ∈ Y }. For
an element x ∈ [N]∞ let 2x := { 2k : k ∈ x }, and (x + 1) := { k + 1 : k ∈ x }. For a set
X ⊆ [N]∞ and an element a ∈ [N]∞, let 2X := { 2x : x ∈ X }, X + 1 := { x + 1 : x ∈ X }
and a ⊎X := { a ⊎ x : x ∈ X }.
Proof of Theorem 2.12. Let κ := add(Menger), and the union
⋃
α<κMα of Menger subsets
of [N]∞ be a dominating set. Let { aα : α < κ } be a κ-unbounded subset of X . For each
ordinal number α < κ, the set M˜α := {max{aα, x} : x ∈ Mα }, a continuous image of the
Menger set Mα, is Menger.
The set
Y :=
⋃
α<κ
(aα ⊎ M˜α) ∪ Fin
is Menger: Let U1,U2, . . . be a sequence of open covers of the set Y which are open also in
P(N). There are sets U1 ∈ U1, U2 ∈ U2, . . . such that the set U :=
⋃
n Un contains the set
Fin. Since P(N) \ U is a compact subset of [N]∞, there is an element b ∈ [N]∞ such that
P(N) \U ≤ b. Define b′(n) := b(2n) for all natural numbers n. Fix an ordinal number α < κ,
and an element y ∈ M˜α. Assume that aα ⊎ y ≤ b. By Lemma 2.13, we have
aα(n) < 2aα(n) + 1 ≤ (aα ⊎ aα)(2n) ≤ (aα ⊎ y)(2n) ≤ b(2n) = b
′(n)
for all natural numbers n. Thus, aα ≤ b′. Since the set { aα : α < κ } is κ-unbounded, there
is an ordinal number α′ < κ such that { β < κ : aβ ≤ b′ } ⊆ α′. We conclude that the set
Y ′ := Y \ U ⊆
(⋃
α<κ
aα ⊎ M˜α
)
∩ { x ∈ [N]∞ : x ≤ b }
is a closed subset of the Menger set
⋃
β<α′(aβ ⊎ M˜β), and thus it is Menger. There are finite
sets F1 ⊆ U1,F2 ⊆ U2, . . . such that the family
⋃
nFn covers the set Y
′. Thus, the family⋃
n(Fn ∪ {Un}) is a cover of the set Y .
The set 2X⊕Y is dominating in [N]∞: By the definition of the operation ⊎, the set 2X⊕Y
is a subset of [N]∞. Fix an ordinal number α < κ, and an element y ∈ M˜α. We have
2aα ⊕ (aα ⊎ y) = 2y + 1 ∈ (2X)⊕ Y.
Thus, the set (2X)⊕ Y contains a dominating set (2
⋃
α<κ M˜α) + 1.
Since the set (2X) ⊕ Y is a continuous image of the product space X × Y , the product
space X × Y is not Menger. 
Theorem 2.14. Assume that add(Menger) < d. The Menger property is not productive.
We need the following Lemma.
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Lemma 2.15. There is an add(Menger)-unbounded subset of [N]∞.
Proof. Let κ := add(Menger), and 〈Mα : α < κ 〉 be an increasing sequence of Menger subsets
of [N]∞ whose union is a dominating set. Fix an ordinal number α < κ. The set { aβ : β <
α } ∪Mα is a union of two Menger sets, and thus it is not dominating in [N]∞. There is a
function aα ∈ [N]∞ such that
{ aβ : β < α } ∪Mα <
∞ aα.
Let A := { aα : α < κ }, and b ∈ [N]∞. There is an ordinal number α < κ, and a function
d ∈ Mα such that b ≤∗ d. By the construction, we have { β < κ : aβ ≤∗ b } ⊆ α, and thus
|{ a ∈ A : a ≤∗ b }| < κ. 
Proof of Theorem 2.14. The add(Menger)-unbounded set, constructed in Lemma 2.15 has
cardinality add(Menger), and thus it is Menger. Apply Theorem 2.12. 
2.4. Products of Menger sets in the Blass–Shelah model. By Theorem 2.1(2), assum-
ing d ≤ r, the Menger property is not productive. On the other hand, in the Miller model,
where d > r, the Menger property is productive [30]. We show that the inequality d ≤ r
is not necessarily to prove that the Menger property is not productive. In this section, we
shall work in the model constructed by Blass and Shelah [2] and use their notations. Let ν
and δ be uncountable regular ordinal numbers in a model of ZFC + GCH with ν < δ. Let
V (δ, 0) be the initial Cohen extension of the model of ZFC + GCH. For each ordinal number
ξ < ν, let V (δ, ξ) be the model obtained after ξ stages in the Mathias forcing iteration, and
sξ be a Mathias real over the model V (δ, ξ) with respect to a certain ultrafilter Uξ, in this
model. Since Uξ is chosen to contain the set { sζ : ζ < ξ } for all ordinal numbers ζ < ν, the
sequence 〈 sξ : ξ < ν 〉 is almost decreasing. Let u be the minimal cardinality of a basis of an
ultrafilter. In the model V (δ, ν), the final extension of the model of ZFC + GCH, we have
r = u = ν, d = δ, and thus r < d [2].
Theorem 2.16. In the Blass–Shelah model V (δ, ν), there are two sets of reals whose all finite
powers are Menger, but their product space is not Menger.
Let b be the minimal cardinality of a ≤∗-unbounded set in [N]∞. For each ordinal number
ξ < ν, let Mξ := V (δ, ξ) ∩ [N]∞.
Lemma 2.17. In the Blass–Shelah model, we have add(Menger) = r. In particular, add(Menger) <
d.
Proof. For each ordinal number ξ < ν, the setMξ is Scheepers in the model V (δ, ν)
1 [21, Theo-
rem 11]. Thus, add(Menger) ≤ ν = u. Since r = b [12, Lemma 3.3] and b ≤ add(Menger) [26,
Corollary 2.4(2)], we have add(Menger) = r. 
Remark 2.18. Theorem 2.14 and Lemma 2.17 imply that, in the Blass–Shelah model, the
Menger property is not productive.
Proof of Theorem 2.16. The family { [x < sξ] : x ∈ Mξ, ξ < ν } is centered: Fix a natural
number n. Let 〈 ξi : i ≤ n 〉 be a nondecreasing sequence of ordinal numbers smaller than
ν, and xi ∈ Mξi for natural numbers i ≤ n. For each ordinal number ξ < ν, we have
1This is not a direct application of [21, Theorem 11], but rather of its proof which gives: If X is a ground
model set of reals and P is an iteration such that each real is contained in some intermediate model, and
there is an unbounded real over every intermediate model, then X is Menger in the final model.
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maxfin[Mξ] = Mξ. Thus, assume that the sequence 〈 ξi : i ≤ n 〉 is strictly increasing. For
each ordinal number ξ < ν, and functions x, y ∈Mξ, by the genericity of the function sξ, the
set [x < sξ] ∩ y is infinite. Thus, the intersection
⋂
i≤n[xi < sξi] is infinite.
Let U be an ultrafilter containing the family { [x < sξ] : x ∈ Mξ, ξ < ν }. For each ordinal
number ξ < ν, let
M˜ξ :=
{
x ∈ [N]∞ :
(
∀n(x(n) ∈ {sξ(n), sξ(n) + 1}), {n : x(n) = sξ(n) } ∈Mξ
) }
,
a continuous image of the set Mξ. Let X :=
⋃
ξ<ν M˜ξ.
All finite powers of the set X ∪Fin are Menger, in the model V (δ, ν): We prove a formally
stronger statement that, for each natural number n, and each finite product M of the sets
Mξ, the product space (X ∪ Fin)n × M is Menger. Each finite product of the sets Mξ is
Menger [21, Theorem 11]. Proceed by induction. Fix a natural number n. Let k be a natural
number, and ξi < ν be ordinal numbers for natural numbers i ≤ k. Let M :=
∏
i≤kMξi , and
Ψ: (X∪Fin)n+1×M → [N]∞ be a continuous map. There is a continuous map Φ: M → [N]∞
such that, for elements x = (x1, . . . , xn+1) ∈ (X ∪ Fin)
n+1, and y = (y1, . . . , yk) ∈ M , and a
natural number l, we have:
If Φ(y)(l) < min{ xj(l) : j ≤ n + 1 }, then Ψ(x, y)(l) < Φ(y)(l) [23, Lemma 5.1].
Let ξ < ν be an ordinal number with ξ > max{ ξi : i ≤ k } such that the map Φ is coded
in the model V (δ, ξ), and Xξ :=
⋃
ξ≤α<ν M˜α. We have Φ[M ] ⊆Mξ, and thus [Φ(y) < x] ∈ U
for all elements y ∈M and x ∈ Xξ. It follows that Ψ[X
n+1
ξ ×M ] ≤U sξi.
Fix an ordinal number α < ξ. By the inductive assumption, the set (X ∪Fin)n×Mα×M
is Menger, and thus its continuous image (X ∪ Fin)n × M˜α ×M is Menger, too. The set
Y :=
(
(X ∪ Fin)n+1 ×M
)
\
(
Xn+1ξ ×M
)
is a union of less than ξ sets with the Menger property. Since ξ < add(Menger), by
Lemma 2.17, the set Y is Menger. Let b′ ∈ [N]∞ be a function such that Ψ[Y ] ≤∞ b′.
Thus, Ψ[(X ∪ Fin)n+1 ×M ] ≤∞ max{b, b′}.
Let S := { sξ : ξ < ν }. Since |S| < d, all finite powers of the set S are Menger. The map
(x, s) 7→ {n : x(n) 6= s(n) } from the product space X × S onto the set [N]∞, is continuous.
Thus, the product space X × S is not Menger. 
2.5. Unions and products of Rothberger sets with strong properties. A space is
Rothberger if, for each sequence U1,U2, . . . of open covers of that space, there are sets U1 ∈
U1, U2 ∈ U2, . . . such that the family {Un : n ∈ N } covers the space.
Theorem 2.19. Assume that cov(M) = d and the cardinal number d is regular.
(1) There are two sets of reals whose all finite powers are Rothberger, but whose union is
not Scheepers.
(2) There are two sets of reals whose all finite powers are Rothberger, but whose product
space is not Menger.
In order to prove Theorem 2.19, we need the following Lemma. Let κ be an uncountable
cardinal number. A space X is κ-concentrated, if there is a countable set D ⊆ X such that,
for any open set U ⊆ X containing D, we have |X \ U | < κ.
Lemma 2.20. Let U be an ultrafilter such that b(U) ≤ cov(M), and X be a U-scale in [N]∞.
All finite powers of the set X ∪ Fin are Rothberger.
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Proof. Since b(U) ≤ cov(M), the set X ∪ Fin has cardinality smaller than cov(M) or it is
cov(M)-concentrated. In both cases, the set X ∪ Fin is Rothberger [17, Proposition 4]. Fix
a natural number n > 1, and assume that the set (X ∪Fin)n−1 is Rothberger. Let U1,U2, . . .
be a sequence of open covers of the space (X ∪ Fin)n. For natural numbers i, j ≤ n, let
Y ij :=
{
X ∪ Fin, if i 6= j,
Fin, if i = j,
and pii be the projection from (X ∪ Fin)n onto the i-th coordinate. A countable union
of Rothberger sets is Rothberger. The set Y :=
⋃
i≤n
∏
j≤n Y
i
j is Rothberger, and thus
there are sets U1 ∈ U1, U2 ∈ U2, . . . such that the set
⋃
k Uk covers the set Y . The set
Y ′ := (X∪Fin)n\
⋃
k Uk is a closed subset of the U -Menger set (X∪Fin)
n [23, Theorem 5.3(2)],
and thus it is U -Menger, too. For each natural number i ≤ n, as the projection pii[Y ′] is a
U -Menger subset of a U -scale X , it has cardinality less than b(U). Since Y ′ is a subset of the
set
∏
i≤n pii[Y
′], a set of cardinality less than cov(M), it is Rothberger [17, Proposition 4].
There are sets U ′1 ∈ U1, U
′
2 ∈ U2, . . . such that Y
′ ⊆
⋃
k U
′
k. Finally, (X∪Fin)
n =
⋃
n(Un∪U
′
n),
and thus the product space (X ∪ Fin)n is Rothberger [27, Theorem A.1]. 
Proof of Theorem 2.19. Apply the proof of Theorem 2.5 and Lemma 2.20. 
3. Applications to function spaces
Let X be a space, and Cp(X) be the space of continuous real-valued functions on X ,
with the topology of pointwise convergence. Properties of the space X can describe local
properties of the space Cp(X), and vice versa. E.g., the space Cp(X) is metrizable (or just
first countable) if and only if the space X is countable. We apply results from the previous
sections to products of function spaces. A space Y has countable fan tightness [1] if, for each
point y ∈ Y and for every sequence U1, U2, . . . of subsets of the space Y with y ∈
⋂
n Un,
there are finite sets F1 ⊆ U1, F2 ⊆ U2, . . . such that y ∈
⋃
n Fn. If we request that the above
sets F1, F2, . . . are singletons, then the space Y has countable strong fan tightness [19]. A
space is M-separable [5] if, for every sequence D1, D2, . . . of dense subsets of the space there
are finite sets F1 ⊆ D1, F2 ⊆ D2, . . . such that the union
⋃
n Fn is a dense subset of the space.
If we request that, the above sets D1, D2, . . . are singletons, then the space is R-separable [5].
Proposition 3.1.
(1) Assume that d ≤ r and the cardinal number d is regular. There are sets of reals X,
Y such that the spaces Cp(X), Cp(Y ) have countable fan tightness (are M-separable),
but the product space Cp(X) × Cp(Y ) does not have countable fan tightness (is not
M-separable).
(2) In the Blass–Shelah model, there are sets of reals X, Y such that the spaces Cp(X),
Cp(Y ) have countable fan tightness (are M-separable), but the product space Cp(X)×
Cp(Y ) does not have countable fan tightness (is not M-separable).
(3) Assume that cov(M) = d and the cardinal number d is regular. There are sets of
reals X, Y such that the spaces Cp(X), Cp(Y ) have countable strong fan tightness
(are R-separable), but the product space Cp(X)× Cp(Y ) does not have countable fan
tightness (is not M-separable).
To prove Proposition 3.1, we need the below result of Scheepers [20, Theorem 35, Theo-
rem 13].
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Theorem 3.2 (Scheepers [20]). Let X be a set of reals.
(1) The space Cp(X) has countable fan tightness if and only if the space Cp(X) is M-
separable.
(2) The space Cp(X) has countable strong fan tightness if and only if the space Cp(X) is
R-separable. 
Proof of Proposition 3.1. (1) By Theorem 2.5, there are sets of reals X , Y whose all finite
powers are Menger but their products space X × Y is not Menger. Let X ⊔ Y be the
topological sum of these sets. Since the product space X × Y is a closed subspace of the
product space (X ⊔ Y )2, this product is not Menger. The spaces Cp(X) and Cp(Y ) have
countable fan tightness [11, Theorem 3.9]. The space Cp(X ⊔ Y ) is homeomorphic to the
product space Cp(X)×Cp(Y ), and thus it does not have countable strong fan tightness. For
M-separability, apply Theorem 3.2(1).
(2) Proceed as in (1), with the exception that the sets X and Y are as in Theorem 2.16.
(3) By Theorem 2.19(3), there are sets of reals X and Y whose all finite powers are
Rothberger, but their product space X × Y is not Menger. The spaces Cp(X), Cp(Y ) have
countable strong fan tightness [19]. As in (1) the product space Cp(X) × Cp(Y ) does not
have countable fan tightness. For R-separability and M-separability, apply Theorem 3.2. 
4. Comments and open problems
Let cov(N ) be the minimal cardinality of a family of Lebesgue null subsets of [N]∞ that
covers [N]∞, and cof(N ) be the minimal cardinality of a cofinal family of Lebesgue null sets,
i.e., every Lebesgue null subset of [N]∞ is contained in a member of the family. Assuming
cov(N ) = b = cof(N ), there is a Scheepers set of reals whose square is not Menger [22,
Theorem 43]. The Scheepers sets constructed here are each U -Menger for some ultrafilter U ,
and their finite powers are Menger.
Problem 4.1. Assume that d ≤ r
(1) Is there a Scheepers set of reals with a non-Menger square?
(2) Is there a Scheepers set of reals such that, for each ultrafilter U , the set is not
U-Menger?
By Remark 2.4, if the Menger and Scheepers properties are different, then the Menger
property is not productive.
Problem 4.2. Assume that the Menger and Scheepers properties are equivalent. Does it
follow that the Menger property is productive?
By Theorem 2.16, in the Blass-Shelah model the Menger property is not productive. Thus,
it is natural to examine whether the Menger and Scheepers properties differ in the Blass–
Shelah model.
A subset of [N]∞ is a semifilter if it closed under almost supersets. Semifilter trichotomy
is the statement: for each semifilter S, there is a function h ∈ [N]∞ such that the set
S/h is either the filter of cofinite subsets of N, or an ultrafilter, or the full semifilter [N]∞.
Semifilter trichotomy is equivalent to the statement u < g. Semifilter trichotomy implies
that the Menger and Scheepers properties are equivalent. [28, Theorem 3.7]. In the Miller
model (where semifilter trichotomy holds), the Menger property is productive. These results
motivate the following problem.
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Problem 4.3. Assume semifilter trichotomy. Is the Menger property productive?
By Theorems 2.1(2) and 2.14, if d ≤ r or add(Menger) < d, then the Menger property is
not productive.
Problem 4.4. Is the assumption d ≤ r or add(Menger) < d necessary for the the Menger
property being not productive?
4.1. Products of Menger topological groups.
Proposition 4.5. Assume that the cardinal number d is regular.
(1) If d ≤ r, then there are two topological groups whose all finite powers are Menger but
their product space is not Menger.
(2) If cov(M) = d, then there are two topological groups whose all finite powers are
Rothberger but their product space is not Menger.
Proof. (1) There is a homeomorphic copy C ⊆ P(N) of the Cantor space, that is linearly
independent [16]. By Lemma 2.10, there are ultrafilters U , U˜ , and subsets X, Y of the set
C that are productively U -Menger, and productively U˜ -Menger, respectively, whose product
space X × Y is not Menger. For each natural number n, the set
X˜n := { x1 ⊕ · · · ⊕ xn : x1, . . . , xn ∈ X },
a continuous image of a productively U -Menger set Xn, is productively U -Menger. Thus
the group X˜ =
⋃
n X˜n is productively U -Menger, too. Analogously, construct a Y that is
productively U˜ -Menger. Thus, all finite powers of the groups X and Y are Menger. Since
the set C is linearly independent, the product space X˜ × Y˜ = (X ∩C)× (Y ∩C) is a closed
subset of the product space X × Y . Since the product X × Y is not Menger, the product
space X˜ × Y˜ is not Menger, too.
(2) Proceed as in (1). By Lemma 2.20, all finite powers of the groups X , Y are Rothberger.

Problem 4.6. Is there, consistently, a Menger topological group whose square is not Menger?
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